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Abstract
We describe a new algorithm for computing a maximum independent set of an unweighted circle graph,
where the chords or intervals representing the graph may share end-points. The algorithm requires O(m +
n min{α2 , m}) time and O(m) space, where α ≤ n is the independence number of a circle graph represented
by m intervals with n end-points. The best previously described algorithm required O(nm) time and O(n2 )
space. We also describe an improved algorithm for the weighted case.
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Introduction

A circle graph is the intersection graph of a finite set of chords in a circle. Circle graphs find applications in
a number of areas, including in register allocation algorithms in optimizing compilers [6, 12], bioinformatics
[14] and VLSI applications [13, 5] where the maximum independent set problem arises.
A series of polynomial time algorithms for computing a maximum independent set of a circle graph have
been described [7, 13, 3, 9, 1, 2, 17, 11]. The best known algorithms [17, 11] require O(n) space and operate
in O(nd) time and O(n min{d, α}) time in the weighted and unweighted cases respectively. Here α is the
independence number of the circle graph and d = O(n) is a parameter known as the density.
Some other N P -Complete problems on general graphs have efficient algorithms for circle graphs, notably
maximum clique [15], whereas problems such as computing the chromatic number or minimum dominating
set are hard for both circle graphs as well as for general graphs [16, 10]. The best known algorithm for
recognizing circle graphs requires O(n + m) time [8] (excluding a factor of the inverse Ackermann function).
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Almost all algorithms for computing a maximum independent of a circle graph have operated on a
representation of the graph as a set of n intervals on the real line. Figure 1 illustrates the equivalence of the
representation of a circle graph as chords in a circle or as intervals on the real line. Without loss of generality,
it can be assumed that no two intervals share an end-point, because an equivalent representation of the circle
graph may easily be constructed by slightly moving the end-points of the intervals, as is illustrated by Gavril
[7].
Recently Bonsma and Breuer [4] noted a simple O(nm) time algorithm for the case where n interval
end-points may be shared by up to m = O(n2 ) intervals. In addition, they noted that in the case of a
dense interval model of m = Ω(n2 ) intervals, transforming to an interval representation with distinct endpoints and using an existing maximum independent set algorithm can be less efficient than their algorithm,
requiring Θ(n4 ) time.
In this paper, we describe a simple algorithm that improves on this time complexity in the case of unit
edge weights, requiring O(m + n min{α2 , m}) time and O(m) space. Note that α ≤ n and that this new
algorithm is up to a factor of n times more efficient than the best previous algorithm for dense interval
√
representations of m = Ω(n2 ) intervals where α = O( n). We begin by describing an existing algorithm
in Section 2. We then describe an improved algorithm for weighted circle graphs. Finally we present an
improved algorithm for the unweighted case in Section 4 that is the main result of this paper.
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An Existing Algorithm for Weighted Circle Graphs

We refer to a set I of m intervals with end-points in {1, . . . , n} as an I(n, m)-representation of a circle
graph, and assume that m ≥ n. We focus on describing algorithms for computing the cardinality of a circle
graph’s maximum independent sets. The maximum independent sets themselves can be maintained without
worsening the time complexities of the algorithms, in a manner analogous to the distinct end-point case
[17, 11]. For a given I(n, m)-representation, we denote the set of intervals with left end-point q and right endpoint at most r by Lq,r (I). For a set of intervals S, we denote the cardinality of their maximum independent
sets by M IS[S]. We denote by Iq,r the set of all intervals in I contained in [q, r]. Given an interval
i = [a, b] we write the cardinality of the contained maximum independents sets as CM IS[i] = M IS[Ia+1,b−1 ].
Throughout this paper, we make use of the following quantity:
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Figure 1: A circle graph (a) together with its chord model in (b). The equivalent distinct end-point chord
model is shown in (c), with its associated interval representation in (d)
Definition 2.1 Given the I(n, m)-representation of a circle graph and a set of intervals S

Ur (S, I) = max {1 + CM IS[i] + M IS[Ib+1,r ]}
i=[a,b]∈S

We make use of the following recurrence for computing maximum independent sets given I(n, m)-representation
of a circle graph:

M IS[Iq,r ] = max{M IS[Iq+1,r ], Ur (Lq,r (I), I)}

(1)

Previous algorithms for computing the cardinality of maximum independent sets of circle graphs [17, 11] have
made use of recurrences analagous to Recurrence 1. However, with the exception of Bonsma and Breuer’s
[4] algorithm, previous algorithms have dealt with the case where intervals do not share end-points, implying
that Ur (S, I) can be evaluated in constant time for any value of r.
Evaluating Recurrence 1 directly requires O(nm) time: r is increased from 1 up to n, and for each value
P
of r M IS[Iq,r ] is evaluated from q = r down to 1. Hence, for a given value of r O( rq=1 |Lq,r (I)|) = O(m)
time is spent. We note that this is the algorithm described by Bonsma and Breuer [4], although their order
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Input: An I(n, m)-representation of a circle graph.
Output: The cardinality of the maximum independent sets contained in each interval.
M [1 . . . n] ← 0
C[1 . . . n] ← 0
for r ← 1 to n do
if there are intervals with right end-point r then
let i = [a, r] be the longest such interval
for q ← r − 1 downto a do
M [q] ← M [q + 1]
foreach interval j = [q, b] with b ≤ r do
if 1 + CM IS[j] + M [b + 1] > M [q] then
M [q] ← 1 + C[j] + M [r + 1]}
if q is the left end-point of an interval i = [q, r] then
C[i] ← M [q + 1]

Figure 2: An O(ℓs + C) time and O(m) space algorithm for computing the CM IS values of a circle graph.
of evaluation is different.
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An Improved Algorithm for Weighted Circle Graphs

As Valiente [17] noted in the distinct end-point case, evaluating M IS[Iq,r ] for every pair of q and r is
unnecessary, since only those subproblems defined by interval end-points are re-used. That is, the problem
can be reduced to computing the value of CM IS for each interval. Moreover we note that when the value
of CM IS is known for each interval, the weight of the circle graph’s maximum independent sets can be
determined using only a further O(n) time [17].
Computing the value of M IS only at sub-problems defined by interval end-points reduces the space
required from O(n2 ) to O(m). In addition, we note that it also reduces the time required to evaluate the
recurrence. This is a result of the fact that if there are two intervals i = [a, b], j = [c, b], with a < c then
CM IS[j] = M IS[Ic+1,b−1 ] will be available when computing CM IS[i]. Thus, when the simplified version of
Valiente’s algorithm found in [12] is adapted to the shared end-point case, the evaluation of CM IS is only
required for the longest interval with a given right end-point. This is because the other intervals sharing
their right end-point with this longest interval can have their CM IS values filled in during the evaluation
of the longest interval’s CM IS value. Figure 2 illustrates the resulting algorithm for computing the CM IS
values of a shared end-point interval representation.
In the distinct end-point case Valiente’s algorithm requires O(ℓ) time, where ℓ ≤ nd is the sum of the
lengths of all the intervals in the interval representation of the circle graph, and d is the largest number of
4

intervals crossing any point on the interval representation.
Pn

Moreover define cq
P
as the number of intervals contained in the longest interval with right end-point q, and C = nq=1 cq . In the
Let lq be the length of the longest interval with right end-point q, and ℓs =

q=1 li .

shared end-point case, this adaptation of Valiente’s algorithm requires time O(ℓs + C). For weighted circle
graphs, this algorithm is the most efficient in both shared end-point and distinct end-point interval models.
In the distinct end-point case, Valiente notes that ℓ ≤ nd. In the shared end-point case, the analogous
parameter, ds , is the largest number of intervals with distinct right end-points crossing any point in the
interval representation. Note ℓs ≤ nds , ds ≤ m and clearly C ≤ nm. Thus the algorithm’s O(nds + C) time
is potentially superior to the direct O(nm) time algorithm. We also note that when there are no shared
end-points the definitions are such that ℓs = ℓ and ds = d; moreover C = O(ℓ) in the distinct end-point case.

4

Improved Algorithms for Unweighted Circle Graphs

In this section we describe improved algorithms for computing a maximum independent set of a circle
graph, by noting that the number of distinct values of CM IS may be considerably less than the number
of intervals m in the circle graph’s interval representation. We now note the key insights that lead to the
improved algorithms.
Definition 4.1 Given an I(n, m)-representation of a circle graph, the left exclusion set at q, 1 ≤ q < r ≤ n
is
Xq,r (I) = {i = [q, s] ∈ Iq,r | ∃j = [q, s′ ] s.t. CM IS[j] ≥ CM IS[i] and s′ < s}
Lemma 4.2 Given an I(n, m)-representation of a circle graph with independence number α

|Lq,r (I) \ Xq,r (I)| ≤ α
for 1 ≤ q < r ≤ n
Proof If i, j ∈ Lq,r and CM IS[i] = CM IS[j] then either i ∈ Xq,r or j ∈ Xq,r . Thus for any k ∈ Lq,r \ Xq,r
∄p ∈ Lq,r \ Xq,r with CM IS[k] = CM IS[p]. Since there can only be at most α distinct values of CM IS the
result follows.
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Lemma 4.3 Given an I(n, m)-representation of a circle graph

M IS[Iq,r ] = M IS[Iq,r \ Xq,r (I)]
for 1 ≤ q ≤ r ≤ n
Proof If q is the right end-point of an interval then Xq,r = ∅ and the result follows. If q is the left end-point
of an interval then
M IS[Iq,r ] = max{M IS[Iq+1,r ], Ur (Lq,r (I), I)}
and noting that Xq,r ∩ Iq+1,r = ∅
M IS[Iq,r \ Xq,r ] = max{M IS[Iq+1,r ], Ur (Lq,r (I) \ Xq,r (I), I)}
In the case where M IS[Iq,r ] = M IS[Iq+1,r ] then

M IS[Iq+1,r ] ≥ Ur (Lq,r (I), I) ≥ Ur (Lq,r \ Xq,r (I), I)
and the result follows.
In the case where M IS[Iq,r ] = Ur (Lq,r (I), I) = 1 + CM IS[i] + M IS[Ia+1,r ] for some i = [q, a] ∈ Lq,r (I).
If i ∈
/ Xq,r (I) then Ur (Lq,r (I), I) = Ur (Lq,r (I) \ Xq,r (I), I) and the result follows.
In the final case, where i ∈ Xq,r (I) then ∃j = [q, b] ∈ Lq,r (I) \ Xq,r (I) such that CM IS[j] ≥ CM IS[i]
and b < a. Since b < a, M IS[Ib+1,r ] ≥ M IS[Ia+1,r ]. Thus Ur (Lq,r (I) \ Xq,r (I), I) ≥ Ur (Lq,r (I), I), and since
Ur (Lq,r (I), I) ≥ Ur (Lq,r (I) \ Xq,r (I), I) the result follows.
The preceding Lemma leads directly to an improved algorithm for computing the cardinality of a maximum independent set of a circle graph.
Lemma 4.4 Given the I(n, m)-representation of a circle graph with independence number α, the cardinality
of its maximum independent sets can be computed in O(n min{nα, m}) time and O(m) space.
Proof Let Bq,r (I) be the largest value of CM IS[i] for i ∈ Lq,r (I). We refer to the algorithm of Figure 3,
and firstly show that it correctly evaluates the cardinality of the maximum independent sets of the circle
graph.
6

Assume that at the beginning of iteration r of the outer-loop of the algorithm, for 1 ≤ q < r, LX[q] =
Lq,r−1 (I) \ Xq,r−1 (I), that M [q] = M IS[q, r − 1], and finally that M LX[q] = Bq,r−1 (I). It is then clear that,
as the algorithm decreases q from r−1 to 1 it sets M [q] to max{M IS[Iq+1,r \Xq,r (I)], Ur (Lq,r (I)\Xq,r (I), I)},
that is, to M IS[Iq,r \ Xq,r (I)] = M IS[Iq,r ], by Lemma 4.3.
After this, the algorithm updates M LX[q], only if there is an interval i ∈ Lq,r with CM IS[i] > M LX[q],
and in this case it adds the interval to LX[q]. Since as the algorithm iterates r from 1 to n, it encounters
intervals in I1,n in increasing order of right end-point, the algorithm adds i to LX[q] only if there is no
interval j = [q, r′ ] with r′ < r and CM IS[j] ≥ CM IS[i], that is, it adds i to LX[q] only if i ∈
/ Xq,r (I).
Thus, at the end of the iteration of the loop of q from r down to 1, it is clear that the assumptions
made at the beginning of this lemma now hold for the additional value of q = r. Since the assumptions are
trivially fulfilled before the beginning of the algorithm, it correctly evaluates the cardinality of the circle
graph’s maximum independent sets.
For the time complexity, note that by Lemma 4.2 at most O(α) time is spent for any value of q, and
thus for all values of q at most O(n2 α) time is spent. Clearly, the algorithm can also spend no more than
P
O( rq=1 |Lq,r |) = O(m) time for each value of r, and the claimed time complexity follows of O(n min{nα, m})
follows. The space required follows from that required for storing CM IS values for each of the m intervals
in C.
The time complexity of the algorithm of Figure 3 can be further improved by making use of the following
observation: As r increases to r + 1, the set of values in the array M that increase may be substantially
smaller than the total number of values examined in the right-to-left iteration of q from r −1 down to 1. This
is exactly the observation used in the case of distinct end-points that gives rise to an O(nα) time algorithm
from an O(n2 ) time algorithm [11], from where we obtain the following definition, modified to the shared
end-point case:
Definition 4.5 Given the I(n, m)-representation of a circle graph, the update set at r, 1 ≤ r ≤ n, is
Sr = {q | M IS[Iq,r ] > M IS[Iq,r−1 ] for 1 ≤ q ≤ r}
We also define the equivalent of Xq,r above as
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Input: An I(n, m)-representation of a circle graph.
Output: The cardinality of the circle graph’s maximum independent sets.
M [1 . . . n] ← 0
C[1 . . . m] ← 0
M LX[1 . . . n] ← 0
LX[1 . . . n] ← ∅
for r ← 1 to n do
if there are intervals with right end-point r then
for q ← r − 1 downto 1 do
M [q] ← M [q + 1]
foreach interval j = [q, b] in LX[q] do
if 1 + CM IS[j] + M [b + 1] > M [q] then
M [q] ← 1 + C[j] + M [r + 1]}
if q is the left end-point of an interval i = [q, r] then
C[i] ← M [q + 1]
if C[i] > M LX[q] then
C[i] ← M LX[q]
LX[q] ← LX[q] ∪ {i}

Figure 3: An improved algorithm for computing the cardinality of a maximum independent set of a circle
graph, requiring O(n min{nα, m}) time and O(m) space.
Definition 4.6 Given an I(n, m)-representation of a circle graph, the right exclusion set at q, 1 ≤ q < r ≤ n
is
′
Xq,r
(I) = {i = [s, q] ∈ I | ∃j = [s′ , q] s.t. CM IS[j] ≥ CM IS[i] and s < s′ }

With an argument precisely analagous to the one given in Lemma 4.3, it follows that M IS[Iq,r ] = M IS[Iq,r \
′ ], The algorithm of Figure 4 computes M IS[I
′
Xq,r
q,r \ Xq,r ], but, for each value of r, it updates a cell M [q]

and pushes it onto the stack T only if q ∈ Sr . Note, that in the prepare loop of the algorithm, only the
indices of cells whose value has increased as a result of new intervals contained in Iq,r but not Iq,r−1 are
pushed onto the stack T . The stack loop of the algorithm then, making use of Recurrence 1 determines
the set of cells whose value may increase due to an increase in value of the cells on the stack T . We omit the
proof of correctness of the algorithm in Figure 4, as it is exactly analagous to the one for the O(nα) time
algorithm in the distinct end-point case [11].
Lemma 4.7 Given the I(n, m)-representation of a circle graph, the algorithm of Figure 4 operates in O(m+
nα2 ) time and O(m) space.
Proof (Sketch) The total time spent by the prepare loop of the algorithm across all values of r is O(m),
′ . For each value of r, the stack T
moreover for each value of q, this loop ensures RX[q] contains Iq,r \ Xq,r

contains only indices x ∈ Sr . For any iteration of the stack loop, at most O(α) time is spent pushing new
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Input: An I(n, m)-representation of a circle graph.
Output: The cardinality of the circle graph’s maximum independent sets.
M [1 . . . n] ← 0
C[1 . . . m] ← 0
M RX[1 . . . n] ← 0
RX[1 . . . n] ← ∅
T ← empty stack
for r ← 1 to n do
foreach interval i = [a, r] in increasing order of length (prepare loop)
C[i] ← M [a + 1]
if a > 1 and 1 + C[i] > M [a − 1] then
M [a − 1] ← 1 + C[i]
push(T, a − 1)
if C[i] > M RX[i] then
M RX[i] ← C[i]
RX[i] ← {i} ∪ RX[i]
while T is not empty do (stack loop)
x ← pop(T )
if x > 1 and M [x] > M [x − 1] then
push(T, x − 1)
foreach interval j = [p, x − 1] in RX[x − 1]
if 1 + C[j] + M [x] > M [p]
M [p] ← 1 + C[j] + M [x]
push(T, p)

Figure 4: An O(m + n min{α2 , m}) time and O(m) space algorithm for computing the cardinality of a circle
graph’s maximum independent sets.
′
≤ α. Note that the stack loop can
values onto the stack T , since, analagously to Lemma 4.2 Iq,r \ Xq,r

iterate in total at most nα times, as any more would increase a cell of M to a value greater than α. Hence
the total time spent by the algorithm is O(m + nα2 ). The extra space required by the algorithm is only that
for C, M RX, RX and T which is clearly O(m).
We finish by noting that this O(m + nα2 ) time algorithm can terminate at any point when a cell of M
√
increases beyond m, and switch to one of the O(nm) time algorithms described in Section 2. This gives
an algorithm operating in O(m + n min{α2 , m}) time and O(m) space.

5

Conclusion

This paper has described how to adapt the improved version of Valiente’s [17] algorithm described in [12]
to the case of shared interval end-points. We note that this is the most efficient algorithm for computing
a maximum independent set of a weighted circle graph. In addition, we have described a new O(m +
n min{α2 , m}) time and O(m) space algorithm for computing a maximum independent set of an unweighted
9

circle graph. The algorithm is simple, and does not require complicated data structures in order to run
within the stated bounds. As a result of this as well as the improved time complexity, we believe the
algorithm has a strong potential to offer improved performance in applications. We note that the algorithm
is especially efficient in the case of dense interval representations.
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